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Two ferromagnetic phases in spin-Fermion systems
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We consider spin-Fermion systems which obtain their magnetic properties from a system of local-
ized magnetic moments being coupled to conducting electrons. The dynamical degrees of freedom are
spin-s operators of localized spins and spin-1/2 Fermi operators of itinerant electrons. We develop
modified spin-wave theory and obtain that system has two ferromagnetic phases. At the character-
istic temperature T ∗, the magnetization of itinerant electrons becomes zero, and high temperature
ferromagnetic phase (T ∗ < T < TC) is a phase where only localized electrons give contribution to
the magnetization of the system. An anomalous increasing of magnetization below T ∗ is obtained
in good agrement with experimental measurements of the ferromagnetic phase of UGe2.
PACS numbers: 75.30.Et, 71.27.+a, 75.10.Lp, 75.30.Ds
This Brief Report is inspired from the experimental
measurements of the ferromagnetic phase of UGe2 which
reveal the presence of an additional phase line that lies
entirely within the ferromagnetic phase. The character-
istic temperature of this transition T ∗, which is below
the Curie temperature TC , decreases with pressure and
disappears at a pressure close to the pressure at which
new phase of coexistence of superconductivity and ferro-
magnetism emerges[1, 2, 3].Strong anomaly in resistivity
is observed at T ∗ [4]. The additional phase transition
demonstrates itself and through the change in the T de-
pendence of the ordered ferromagnetic moment[2, 5, 6, 7].
The magnetization shows an anomalous enhancement be-
low T ∗. An anomaly is found in the heat capacity at the
characteristic temperature T ∗ [8]. Theoretically, it was
assumed that the interplay of charge-density wave and
spin-density wave fluctuations is the origin of anomalous
properties[9]. Alternatively, it was proposed that the un-
usual phase diagram is result of novel tuning of the Fermi
surface topology by the magnetization[10].
Our objective is spin-Fermion systems, which obtain
their magnetic properties from a system of localized mag-
netic moments and itinerant electrons. It is obtained
that the true magnons in these systems, which are the
transversal fluctuations corresponding to the total mag-
netization, are complicate mixture of the transversal fluc-
tuations of the spins of localized and itinerant electrons.
The magnons interact with different spins in a differ-
ent way, and magnons’ fluctuations suppress the or-
dered moments of the localized and itinerant electrons
at different temperatures. As a result, the ferromag-
netic phase is divided onto two phases: low tempera-
ture phase 0 < T < T ∗, where all electrons contribute
the ordered ferromagnetic moment, and high tempera-
ture phase T ∗ < T < TC , where only localized spins form
magnetic moment. To describe the two phases, a modi-
fied spin-wave theory is developed. We have reproduced
theoretically the anomalous temperature dependence of
the ordered moment, known from the experiments with
UGe2 [2, 5, 6, 7].
The spin-fermion model is known as s − d (or s − f).
The model appears in the literature also as the ferro-
magnetic Kondo Lattice model (FKLM) or the double
exchange model (DEM). The exact results for the spin-
Fermion model are reported in [11].
The dynamical degrees of freedom are spin-s operators
of localized spins and spin-1/2 Fermi operators of itiner-
ant electrons. We consider a theory with Hamiltonian
h = H − µN = −t
∑
〈ij〉
(
c+iσcjσ + h.c.
)− µ∑
i
ni
− J l
∑
〈ij〉
Si · Sj − J
∑
i
Si · si (1)
where sνi =
1
2
∑
σσ′
c+iστ
ν
σσ′ciσ′ , with the Pauli matrices
(τx, τy, τz), is the spin of the conduction electrons, Si
is the spin of the localized electrons, µ is the chemical
potential, and ni = c
+
iσciσ . The sums are over all sites of
a three-dimensional cubic lattice, and 〈i, j〉 denotes the
sum over the nearest neighbors. The Heisenberg term
(J l > 0) describes ferromagnetic Heisenberg exchange
between nearest-neighbors localized electrons. The term
which describes the spin-Fermion interaction (J > 0) is
known as a Kondo interaction (J = JK) in the ferromag-
netic Kondo model or as a Hund’s term in the double
exchange model (J = JH and J
l < 0).
We represent the Fermi operators in terms of
the Schwinger bosons (ϕi,σ , ϕ
+
i,σ) and slave Fermions
(hi, h
+
i , di, d
+
i ). The Bose fields are doublets (σ = 1, 2)
without charge, while Fermions are spinless with charges
1 (di) and -1 (hi).
ci↑ = h
+
i ϕi1 + ϕ
+
i2di, ci↓ = h
+
i ϕi2 − ϕ+i1di,
ni = 1− h+i hi + d+i di, sνi =
1
2
∑
σσ′
ϕ+iστ
ν
σσ′ϕiσ′ ,
ϕ+i1ϕi1 + ϕ
+
i2ϕi2 + d
+
i di + h
+
i hi = 1 (2)
Next, we make a change of variables, introducing Bose
doublets ζiσ and ζ
+
iσ [12]
ζiσ = ϕiσ
(
1− h+i hi − d+i di
)− 1
2 ,
2ζ+iσ = ϕ
+
iσ
(
1− h+i hi − d+i di
)− 1
2 , (3)
where the new fields satisfy the constraint ζ+iσζiσ = 1. In
terms of the new fields the spin vectors of the itinerant
electrons have the form
sνi =
1
2
∑
σσ′
ζ+iστ
ν
σσ′ζiσ′
[
1− h+i hi − d+i di
]
(4)
When, in the ground state, the lattice site is empty,
the operator identity h+i hi = 1 is true. When the lat-
tice site is doubly occupied, d+i di = 1. Hence, when
the lattice site is empty or doubly occupied the spin
on this site is zero. When the lattice site is neither
empty nor doubly occupied (h+i hi = d
+
i di = 0), the
spin equals si = 1/2ni, where the unit vector n
ν
i =∑
σσ′
ζ+iστ
ν
σσ′ζiσ′ (n
2
i = 1) identifies the local orientation
of the spin of the itinerant electron. Let us average the
spin of electrons in the subspace of the Fermions (d+i , di)
and (h+i , hi) (to integrate the Fermions out in the path
integral approach) and introduce the notation
m =
1
2
(
1− < h+i hi > − < d+i di >
)
. (5)
One obtains si = mni where s
2
i = m
2. Hence, the ampli-
tude of the spin vector m is an effective spin of the itin-
erant electrons accounting for the fact that some sites, in
the ground state, are doubly occupied or empty.
It is more convenient to use the rescaled Bose fields
ξiσ =
√
2mζiσ , ξ
+
iσ =
√
2mζ+iσ (6)
which satisfy the constraint ξ+iσξiσ = 2m. Let us intro-
duce the vector,
Mνi =
1
2
∑
σσ′
ξ+iστ
ν
σσ′ξiσ′ M
2
i = m
2. (7)
Then, the spin-vector of itinerant electrons can be writ-
ten in the form
si =
1
2m
Mi
(
1− h+i hi − d+i di
)
(8)
The contribution of itinerant electrons to the total mag-
netization is < szi >. Accounting for the definition of m
(see Eq.5), one obtains < szi >=< M
z
i >.
The Hamiltonian is quadratic with respect to the
Fermions di, d
+
i and hi, h
+
i , and one can average in the
subspace of these Fermions (to integrate them out in the
path integral approach). As a result, we obtain an effec-
tive theory of two spin-vectors Si and Mi with Hamilto-
nian
heff = −J l
∑
〈ij〉
Si · Sj − J it
∑
〈ij〉
Mi ·Mj − J
∑
i
Si ·Mi
(9)
The first term is the term which describes the exchange
of localized spins in the Hamiltonian Eq.(1). The second
term is obtained integrating out the Fermions. It is cal-
culated in the one loop approximation and in the limit
when the frequency and the wave vector are small. For
the effective exchange constant J it, at zero temperature,
we obtained
J it = (10)
t
6m2
1
N
∑
k
(
3∑
ν=1
cos kν
)[
1− θ(−εhk) + θ(−εdk)
]
− 2t
2
3m2sJ
1
N
∑
k
(
3∑
ν=1
sin2 kν
)[
1− θ(−εhk)− θ(−εdk)
]
where N is the number of lattice’s sites, εhk and ε
d
k are
Fermions’ dispersions,
εhk = 2t(cos kx + cos ky + cos kz) + stJ/2 + µ (11)
εdk = −2t(coskx + cos ky + cos kz) + stJ/2− µ,
and wave vector k runs over the first Brillouin zone of
a cubic lattice. The third term in Eq.(9) is obtained
from the last term in the Hamiltonian Eq.(1) using the
representation Eq.(8) for the spin of itinerant electrons
and Eq.(5).
We are going to study the ferromagnetic phase of the
two-spin system Eq.(9) with J l > 0, J it > 0, and J > 0.
To proceed we use the Holstein-Primakoff representation
of the spin vectors Sj(a
+
j , aj) and Mj(b
+
j , bj), where
a+j , aj and b
+
j , bj are Bose fields. In terms of these
fields and keeping only the quadratic terms, the effective
Hamiltonian Eq.(9) adopts the form
heff = s J
l
∑
〈ij〉
(a+i ai + a
+
j aj − a+j ai − a+i aj)
+ mJ it
∑
〈ij〉
(b+i bi + b
+
j bj − b+j bi − b+i bj) (12)
− J
∑
i
(
√
sm [a+i bi + b
+
i ai]− sb+i bi −ma+i ai)
In momentum space representation, the Hamiltonian
reads
heff =
∑
k
(
εak a
+
k ak + ε
b
k b
+
k bk − γ (a+k bk + b+k ak)
)
,
(13)
where the dispersions are given by equalities,
εak = 2sJ
l εk + mJ, ε
b
k = 2mJ
it εk + s J, (14)
εk = 3− cos kx − cos ky − cos kz , and γ = J
√
sm.
To diagonalize the Hamiltonian, one introduces Bose
fields αk, α
+
k , βk, β
+
k ,
ak = cos θk αk + sin θk βk, bk = − sin θk αk + cos θk βk
(15)
with coefficients of transformation,
cos θk =
√√√√√1
2

1 + εak − εbk√
(εak − εbk)2 + 4γ2

, (16)
3and sin θk = (1− cos2 θk)1/2. The transformed Hamilto-
nian
heff =
∑
k
(
Eαk α
+
k αk + E
β
k β
+
k βk
)
, (17)
where
E±k =
1
2
[
εak + ε
b
k ±
√
(εak − εbk)2 + 4γ2
]
(18)
, and Eαk = E
+
k , E
β
k = E
−
k . With positive exchange con-
stants J l > 0, J it > 0, and J > 0, the bose fields’ dis-
persions are positive εak > 0, ε
b
k > 0 for all wave vectors
k. As a result, Eαk > 0 and E
β
k ≥ 0 with Eβ0 = 0. Near
the zero wave vector, Eβk ≈ ρk2 where the spin-stiffness
constant is ρ = (s2J l + m2J it)/(s + m). Hence, βk is
the long-range (magnon) excitation in the two-spin ef-
fective theory, while αk is a gapped excitation with gap
Eα0 = (s+m)J .
The dimensionless magnetization per lattice site of the
system M is a sum of the magnetization of the local-
ized electrons M l =< Szi > and the magnetization
of the itinerant electrons M it =< szi >=< M
z
i >,
(M = M l + M it). By means of the Holstein-Primakoff
representation the magnetizations adopts the formM l =
s − 1/N∑
k
< a+k ak >, M
it = m − 1/N∑
k
< b+k bk >.
Finally, by means of the transformation Eq.(15) one can
rewrite M l and M it in terms of the Bose functions of the
excitations αk-n
α
k and βk-n
β
k
M l = s− 1
N
∑
k
[
cos2 θk n
α
k + sin
2 θk n
β
k
]
, (19)
M it = m− 1
N
∑
k
[
sin2 θk n
α
k + cos
2 θk n
β
k
]
.
The magnetization of the system is
M = s + m− 1
N
∑
k
[
nαk + n
β
k
]
. (20)
The magnon excitation βk in the effective theory
Eq.(9) is a complicate mixture of the transversal fluc-
tuations of the spins of localized and itinerant electrons
Eq.(15). As a result, the magnons’ fluctuations suppress
in a different way the magnetic order of these electrons.
Quantitatively, this depends on the coefficients cos θk and
sin θk in Eqs.(19). If the spin-Fermion interaction is very
strong, J ≫ J it and J ≫ J l, one can calculate the coef-
ficients approximately using approximate expressions for
dispersions Eqs. (14): εak ≈ mJ, andεak ≈ sJ . As a re-
sult, one obtains cos2 θk ≈ m/(m + s). For large J , the
gap of the α excitation is very big, Eα0 = (s+m)J , and
one can drop this excitation in the calculations. Then,
the approximate expressions for magnetization satisfy
M l/s = M it/m, which means that the strong spin-
Fermion interaction aligns the magnetic orders of the
itinerant and localized electrons so strong that they be-
come zero at one and just the same temperature. The
result is different if the spin-Fermion interaction is rela-
tively small. The magnetization depends on the dimen-
sionless temperature T/J and dimensionless parameters
s, m, J l/J and J it/J . We consider a theory with spin
of the localized electrons s = 1 and calculate the param-
eters of the effective theory Eq.(9) in one Fermion-loop
approximation for density of Fermions n = 0.4 and mi-
croscopic parameter J/t = 12.4. The result is m = 0.2
and J it/J = 0.1. Finally, we set J l/J = 0.5. For these
effective parameters, the functions M(T/J), M l(T/J),
and M it(T/J) are depicted in Fig.1 The green line is
the magnetization of the localized electrons, the red line
is the magnetization of the itinerant electrons, and the
blue line is the total magnetization. The figure shows
that the magnetic order of itinerant electrons (red line)
is suppressed first, at temperature T ∗/J = 0.5603. Once
suppressed, the magnetic order cannot be restored at
temperatures above T ∗ because of the increasing effect
of magnon fluctuations. Hence, the magnetization of the
itinerant electrons should be zero above T ∗. As is evi-
dent from Fig.1, this is not the result within customary
spin-wave theory.
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FIG. 1: (color online) Temperature dependence of the ferro-
magnetic moments: M (blue line)-the magnetization of the
system, M l (green line)-contribution of the localized elec-
trons, M it (red line)-contribution of the itinerant electrons
for parameters s = 1, m = 0.2, J l/J = 0.5 and J it/J = 0.1:
spin-wave theory
To solve the problem, we use the idea on description
of paramagnetic phase of two-dimensional ferromagnets
(T > 0) by means of modified spin-wave theory [13, 14].
In the simplest version, the spin-wave theory is modified
by introducing a parameter which enforces the magneti-
zation of the system to be equal to zero in paramagnetic
phase.
In the present case, we have two-spin system and we
introduce two parameters λl and λit to enforce the mag-
netic moments both of the localized and the itinerant
electrons to be equal to zero in paramagnetic phase. To
4this end, we add two new terms to the effective Hamilto-
nian Eq.(12),
hˆeff = heff −
∑
i
[
λlSzi + λ
itMzi
]
. (21)
In momentum space, the Hamiltonian adopts the form
Eq.(13) with new dispersions εˆak = ε
a
k + λ
l and εˆbk =
εbk+λ
it, where the old dispersions are given by equalities
(14). We utilize the same transformation Eq.(15) with
coefficients cos θˆk and sin θˆk which depend on the new
dispersions in the same way as the old ones depend on
the old dispersions Eq.(16). In terms of the αk and βk
bosons, the Hamiltonian hˆeff adopts the form Eq.(17)
with dispersions Eˆαk and Eˆ
β
k , which can be written in the
form Eq.(18) replacing εak and ε
b
k with εˆ
a
k and εˆ
b
k.
We have to do some assumptions for parameters λl and
λit to ensure correct definition of the two-boson theory.
For that purpose, it is convenient to represent the param-
eters λl and λit in the form λl = mJµl − mJ, andλit =
sJµit − sJ . In terms of the parameters µl and µit, the
dispersion reads εˆak = 2sJ
l εk +mJµ
l, εˆbk = 2mJ
itεk +
sJµit The conventional spin-wave theory is reproduced
when µl = µit = 1(λl = λit = 0). We assume µl and µit
to be positive (µl > 0, µit > 0). Then, εˆak > 0, εˆ
b
k > 0,
and Eˆαk > 0 for all values of the wave-vector k. To explore
the dispersion Eˆβk =
1
2
[
εˆak + εˆ
b
k −
√
(εˆak − εˆbk)2 + 4γ2
]
,
we use the identity (εˆak − εˆbk)2 + 4γ2 = (εˆak + εˆbk)2 −
4(εˆakεˆ
b
k−γ2). It shows that Eˆβk ≥ 0 if εˆakεˆbk−γ2 ≥ 0. Since
εˆakεˆ
b
k ≥ εˆa0 εˆb0 = smJ2µlµit for all values of the wave vector
k, the βk dispersion is non-negative, Eˆ
β
k ≥ 0 if µlµit ≥ 1.
In the particular case, µlµit = 1, Eˆβ0 = 0, and, near the
zero wave vector, Eˆβk ≈ ρˆk2, with spin-stiffness constant
equals ρˆ = (s2J lµit +m2J itµl)/(sµit +mµl). Hence, in
this case, βk boson is the long-range excitation (magnon)
in the system. In the case µlµit > 1, both αk boson and
βk boson are gapped excitations.
We introduced the parameters λl and λit (µl, µit) to
enforce the magnetic order of localized and itinerant
electrons to be equal to zero. We find out the pa-
rameters µl and µit solving the system of two equa-
tions M l = M it = 0, where the ordered moments have
the same representation as Eq.(19) but with coefficients
cos θˆk, sin θˆk, and dispersions Eˆ
α
k , Eˆ
β
k in the expressions
for the Bose functions. The numerical calculations show
that for high enough temperature, µit > 1, 1 > µl > 0,
and µit ·µl > 1. Hence, αk and βk excitations are gapped.
When the temperature decreases, µit decreases remaining
larger than one, µl decreases too remaining positive, and
the product µlµit decreases remaining larger than one.
At temperature TC/J = 2.812, one obtains µ
it = 5.0427,
µl = 0.1983, and therefore µlµit = 1. Hence, at TC ,
long-range excitation (magnon) emerges in the spectrum
which means that TC is the Curie temperature.
Below the Curie temperature, the spectrum contains
magnon excitations, thereupon µlµit = 1. It is conve-
nient to represent the parameters in the following way:
µit = µ, µl = 1/µ. (22)
In ferromagnetic phase, magnon excitations are origin of
the suppression of magnetization. Near the zero temper-
ature, their contribution is small, and at zero, tempera-
ture M it = m and M l = s. Increasing the temperature,
magnon fluctuations suppress the magnetization. For the
chosen parameters they first suppress the magnetization
of the itinerant electrons at T ∗ (M l(T ∗) > 0). Once
suppressed, the magnetic moment of itinerant electrons
cannot be restored increasing the temperature above T ∗.
To formulate this mathematically, we modify the spin-
wave theory introducing the parameter µ Eq.(22). Be-
low T ∗, µ = 1, or in terms of λ parameters λl = λit = 0,
which reproduces the customary spin-wave theory. In-
creasing the temperature above T ∗, the magnetic mo-
ment of the itinerant electron should be zero. This is
why we impose the condition M it(T ) = 0 if T > T ∗. For
temperatures above T ∗, the parameter µ is a solution
of this equation. We utilize the obtained function µ(T )
to calculate the magnetization of the localized electrons
M l as a function of the temperature. Above T ∗, M l
is equal to the magnetization of the system. The mag-
netic moments of the localized and itinerant electrons as
well as the magnetization of the system as a function
of the temperature are depicted in Fig.2 for parameters
s = 1, m = 0.2, J l/J = 0.5, andJ it/J = 0.1.
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FIG. 2: (color online) Temperature dependence of the fer-
romagnetic moments: M (blue line)-the magnetization of
the system, M l (green line)-contribution of the localized
electrons, M it (red line)-contribution of the itinerant elec-
trons for parameters s = 1, m = 0.2, J l/J = 0.5, J it/J =
0.1:modified spin-wave theory.
The figure shows an anomalous increasing of the mag-
netization M below T ∗ which is in a very good agre-
ment with the experiment (see Fig.1 [6]). The present
theory enables us to gain insight into the nature of the
two phases. In the low temperature phase (0, T ∗), the
localized and itinerant electrons contribute to the mag-
netization of the system, while in the high temperature
5phase (T ∗, TC), only localized electrons form ferromag-
netic moment. At first sight, it seems to be counterintu-
itive because the local moments build an effective mag-
netic field, which, due to spin-Fermion interaction, leads
to finite itinerant electron spin polarization. This is true
in the classical limit. In the quantum case, the spin-wave
fluctuations suppress the magnetic orders of the itiner-
ant and localized electrons at different temperatures T ∗
and TC as a result of different interactions of the magnon
with localized and itinerant electrons. the spin fermion
interaction increases the alignment of the local moments,
and magnetic order of itinerant electrons is very strong
and T ∗ approaches TC .
It is well known that the onset of magnetism in the
itinerant systems is accompanied with strong anomaly in
resistivity [15]. This phenomena is experimentally ob-
served at T ∗ in the case of UGe2 [4]. This is another
support for the theoretical interpretation of T ∗ as a tem-
perature at which the itinerant electrons form ferromag-
netic order.
To conclude, we note that to do more precise fitting
with experimental values of the Curie temperature, one
has to account for the magnon-magnon interaction. How-
ever, even the approximate calculations in the present
Brief Report capture the main feature of the two-spin
ferromagnetic systems and the existence of two phases.
The next step of our investigation is to understand the
mechanism of decreasing the phase temperature T ∗. This
will help us to understand the origin of the superconduc-
tivity in these materials.
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